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Pair-wise alignment
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Combinatorial explosion
- 1 gap in 1 sequence: n+1 possibilities
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seguence: (n+1)n
seguence: (n+1)n(n-1), etc.
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2 sequences of 300 aa.: ~10%8 adignments
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2 sequences of 1000 a.a.: ~10% aignments!



Technique to overcome the
combinatorial explosion:
Dynamic Programming

Alignment Is simulated as Markov process,

all seguence positions are seen as
Independent

Chances of sequence events are independent

— Therefore, probabilities per aligned position
need to be multiplied

— Amino acid matrices contain so-called log-odds
values (log,, of the probabilities), so
probabilities can be summed



To say the same more statistically...

*To perform statistical analyses on messages or sequences, we need a
reference model.

*The model: each letter in a sequence is selected from a defined
alphabet in an independent and identically distributed (i.i.d.) manner.

*This choice of model system will allow us to compute the statistical
significance of certain characteristics of a sequence, its subsequences,
or an alignment.

*Given a probability distribution, P, for the lettersin a 1.1.d. message,
the probability of seeing a particular sequence of lettersi, J, k, ... nis
smply P, P, PP,

*As an alternative to multiplication of the probabilities, we could sum
their logarithms and exponentiate the result. The probability of the
same sequence of |etters can be computed by exponentiating log P, +
log P, + log P+ -+ log P,

| n practice, when aligning sequences we only add |og-odds values
(residue exchange matrix) but we do not exponentiate the final score.



Sequence alignment
History of the Dynamic
Programming (DP) algorithm

1970 Needleman-Wunsch global pair-wise

alignment

Needleman SB, Wunsch CD (1970) A general method applicable to the search for
similaritiesin the amino acid sequence of two proteins, J Mol Biol. 48(3):443-53.

1981 Smith-Water man local pair-wise

alignment

Smith, TF, Waterman, MS (1981) Identification of common molecular subsequences.
J. Mal. Biol. 147, 195-197.
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Palrwise sequence alignment
Global dynamic programming

VDAGSTVI LCFVG

Search matrix

VDAGSTVI LCFVG
VMDAAST- | LG -GS

Evolution

Amino Acid Exchange
Matrix

Gap penalties

(open, extension)




How to determine similarity

Frequent evolutionary events at the
DNA level:

1. Substitution | Wevill resric
2. Insertion, deletion ourselvesto these
~  events

3. Duplication

4. Inversion



Dynamic programming
Threekinds of Gap Penalty schemes:

!
gp(k)

b

Kk —
e Linear: gp(k)=ak

e Affine: gp(k)=b+ak (most commonly used)

e Concave (general): e.g. gp(k)=log(k)
Kisthe gap length



Dynamic programming

Scoring alignments

— Substitution (or match/mismatch)

 DNA

!
e proteins gp(k)
— Gap penalty

:

e Linear: gp(k)=ak V=

* Affine: gp(k)=p+ak General alignment score:

» Concave, e.g.: gp(K)=log(k) | S, =S s(a,b) -3 N oK)

The score of an alignment isthe sum
of the scores over all alignment columns



Dynamic programming
Scoring alignments

I DWVTALK
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' ' i Ga ties (open,
Amino Acid Exchange Matrix Ga segr?g (op

Score: §(T,T) +(D,D) + s(W,W) +s(V,L) —P,-P, +
+S(L.I) + s(K,K)



Constant vs. affine gap scoring

Gap . :
Scoring opening extension
Constant -2 -2
Affine -3 -1

...and +1 for match

Seqgl G T A - - G - T - A
Seg2 - - A T G - AT G -
Const -2 -21 -2 -2 (SUM=-7) -2-21 -2 -2 (SUM= -7)
Affine -4 1 -4 (SUM= -7) -3 -3 1 -3 -3 (SUM= -11)
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Palrwise sequence alignment
Global dynamic programming

VDAGSTVI LCFVG

Search matrix

:

VDAGSTVI LCFVG

VDAAST- | LC- - G5

Evolution

Amino Acid Exchange
Matrix

Gap penalties

(open, extension)




Dynamic programming

Thecdll [, J] contains the alignment score of the best
scoring alignment of subsequence 1..1 and 1..j, that is, the
subsequences up to [1, j]

Cdll [i, j] does not ‘know’ what that best scoring alignment
IS (it Is one out of many possibilities)

Extend alignment from cell [i, j]
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Goal: find the maximal scoring alignment

The DP algorithm

Dynamic programming
q Solve smaller subproblem(s)
q Iteratively extend the solution

Scores: m match, -s mismaitch, -g for
Insertion/deletion

3 ways to extend the alignment:

X[ 1..i-1]
Y[ 1.} -1]

XL
Y[ ]

YE1.g-1]Y]]

Xl

MIi,J] -

M[i-1,j-1] ©'




Global dynamic programming
J-1)

Vaue from residue
exchange matrix

/

- H(i-1,j-1) + S(i,j) diagona
H(i ,J) = Max+ H(-1))-9 vertica
H(i,j-1) - g horizontal

Thisisarecursive
formula

-~



The agorithm — final equation

Corresponds to:

( M[i-1, j-1] +(Score(X[i],Y [j]) élélé
Y Y

ML =max S i, j-1] - g XX -
L Y..YY
\ M[I_l’J]_g Xl"xi-l xi
AR
;1)
-1 \t\lg
I -



Example;
global alignment of two sequences

« Aligntwo DNA seguences.
— GAGTGA
— GAGGCGA (note the length difference)

» Parameters of the algorithm:
— Match: score(A,A) =1
— Mismatch: score(A,T) =-1
— Gap: g=-2

( M[i-1,j-1] £ 1
MII, T =max < M, j-1] =2

| M[i-1,j] -2



The agorithm. Step 1: init

. ( M[i-1,j-1]1 + 1
o Create the matrix N -4, J-4] %
MII, T =max < M, j-1] =2

e [nitiation o
\ M[i-1,j] -2
— Oat[0,0]
— Apply the j-1 0 1 2 3 4
equation... i G A G | T

N o o~ W Nk O
> O 060 0 > 0



The agorithm. Step 1: init

[ M[i-1,j-1] £ 1
MII, T =max < Mm[i, j-1] -2

— >

| M[i-1,j] -2 ll

J
e [nitiation of the

matrix: - G A G T G A
_ 0at pos[0,0] - lO_’-2_’-4_’-6_’-8_'-10_'-12
_ Fill in the first row G |2
using the* — rule A4
— Fill inthefirst G ,®
columnusing“ [ G l_8
CcC -10
G 1-12
A -14



The algorithm. Step 2: fill In

MII, T =max < M, j-1] = 2

| M[i-1,j] -2

e Continuefilling in of
the matrix,
remembering from
which cell the result
comes (arrows)

((M[i-1,j-1]+1

— >

|

> O 000 > 0

- G A
0. -2 -4
-2\ 1—>-g
-4 -%l\ 2
-6

-8

-10

-12

-14



The algorithm. Step 2: fill In

(M[i-1,j-1]+1
MII, T =max < Mm[i, j-1] -2

— >

(M{-Lj]-2 |

o &

e Wearedone...

.6 A G TlG A
e Where' sthe . 0 2 -4 -6 -8 -10 -12
result? G 2 1 -1 -3 5 -7 -9

A 4 1 2 0 2 -4 -6

G 6 -3 0 3 1 -1 -3

The lowest- i G 8 5 2 1 2 2 0
- cC 10 7 4 -1 0 1 1
rightmost cell Aot S
A -14 -1 8 5 -4 -1 @



The algorithm. Step 3: traceback

e Start at the last cell of
the matrix

* (o against the direction
of arrows

e Sometimesthe value
may be obtained from
more than one cell
(which ones?)

MII, T =max < M, j-1] =2

> O 000 > 0

(M[i-1,j-1]+1

— >

(MIi-1,0] -2 ]

- G A G T G A
o -2 -4 -6 -8 -10 -12
N
2 1 \-1 -3 -5 -7 -9
4 -1 2.0 -2 -4 -6
6 -3 lO\ 3.1 1 -3
8 -5 Z\ll x 2 2 0
s
-10 -7 4 -1 O \ 1 1
-2 9 6 -3 -2 1 O
-14 -11 -8 -5 -4 -1 ™ 2



The algorithm. Step 3: traceback

e Extract the j

alignments

a) G
GAGT- (A

GAGGCEA A

G

b) e
GA- GTGA

GAGGCEA C

C) G

A

GAG- TGA
GAGGCGA



Global dynamic programming
J-1)

A
: C H(i-1,j-1) + S(i,j)

diagonal
H(i,j) = Max A+ H(@-1,j)-¢ vertical
- H(G,j-1)-g horizontal

Problem with ssmple DP approach:
«Can only do linear gap penalties

*Not suitable for affine or concave penalties,
but algorithm can be extended to deal with
affine penalties



Global dynamic programming
using affine penalties

J-2]-1] L ooking back from
cell (i, J) we can adapt
the algorithm for
affine gap penalties
by looking back to
four more cells
(magenta)

If you came from here, gap
was already open, so apply
gap-extension penalty

If you came from here, gap was
opened so apply gap-open
penalty



_ Affine gaps

d, - 9ap opening (e.g. -8)
d.- gap extension (e.g. -1)

 MIi-1, j-1]

éié; MIi, j1 = score(X[1], Y[J1) + max < | [i-1, j-1)

. Iy[i-]-!j_l]

. XX |-

|X[|,J] :max{lvll;h.]'l] + go Yl--Yj-l YJ

| L1 -1 + g, X,o..- |-

T MIi-1, j] + Tl
+ i, 1 = may ML,
L[i-1,]] + g,

@ home: think of boundary values M[*,0], I[*,0] etc.



Global dynamic programming
all types of gap penalty

-1

The complexity of
thisDP algorithmis
Increased from
O(n?) to O(n°)

Thegap lengthis
known exactly and

SO any gap penalty
regime can be used

' MaX{SO<X<1._1’]._1 - Gap(i-x-1)}
S- . — Sij + MGX ~ Si—l,j—l
; MaX{Sj-1,0<y<]-_1 - Gap(j-y-1)}




Global dynamic programming
If affine penalties are used
-1

' MaX{SO<X<1._1’]._1 -G, -(i-x- 1)*Ge}
A Sij + Max ~ 51_1’]-_1
MaX{Si—1,0<)/<j—l -G, -(j-y-1)*G,

L



Global dynamic programming
Linear, Affine or Concave gap penalties
-1

All penaty schemes
are possible because
the exact length of
the gap is known

Gap
opening

/ penalty
' MaX{SO<X<1._1’]._1 - Pi - (i-x-1)Px}
A S + Max ~ 51_1]-_1

5] ’

| MaX{Sl._l,O<]<]._1 - Pi - (j-y-1)Px}
Gap extension penalty 7




DP Is atwo-step process

e Forward step: calculate scores

* Trace back: start at lower-right corner cell
and reconstruct the path leading to the
highest score

— These two steps |ead to the highest
scoring global alignment (the optimal
alignment)

— Thisis guaranteed when you use DP!



Time and memory complexity of DP

e Thetime complexity is O(n?): for aligning two
sequences of n residues, you need to perform n?
algorithmic steps (square search matrix has n?cells
that need to be filled)

* The memory (space) complexity is aso O(n?): for
aligning two seguences of n residues, you need a
sguare search matrix of n by n containing n?cells



